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0. Introduction
Given a discrete group G , there is a connected CW-space X with the fundamental group π1(X) ∼= G . Further, there is
a connected CW-space K (G,1), the Eilenberg–MacLane complex, with π1(K (G,1)) ∼= G and πk(K (G,1)) = 0 for the higher
homotopy groups with k > 1. In particular, for the cyclic group Zm with order m, the space K (Zm,1) has the homotopy
type of the inﬁnite lens space L(m; l1, l2, . . .). For a G-module A, the cohomology groups Hs(K (G,1), A) for s  0 lead to
cohomology theory of groups. The ﬁbration K (G ′,1) → K (G,1) → K (G ′′,1) determined by a short exact sequence G ′ 
G G ′′ of groups yields the Lyndon–Hochschild–Serre spectral sequence (studied e.g. in [1]) with Es,t2 = Hs(G ′′, Ht(G ′, A))
for a G-module A.
The results of [8] are used to ﬁnd explicit free resolutions for split extensions of cyclic groups by cyclic groups, and
these are used to compute the homology of such groups with simple integral coeﬃcients. Call a manifold strongly chiral if
it does not admit a self-map of degree −1. Then, D. Müllner [5] proves, based on [8], that there are strongly chiral, smooth
manifolds in every oriented bordism class in every dimension  3 and produces simply-connected, strongly chiral manifolds
in every dimension  7. Therefore, results on cohomology groups of groups lead to a number of useful applications to
topology.
An exact sequence A E  G of groups, with A abelian, leads to a G-module structure on A, where the action of G
on A is by pulling back an element of G to E and conjugating by this pullback. Following [4], an extension of the group G
by the G-module A is an exact sequence A E  G such that the induced G-module structure on A is the given one. It
is well known (see, e.g., [3, Chapter XIV] and [4, Chapter VI, Propositions 10.1 and 10.2]) that the set of equivalence classes
of extensions of G by the G-module A is in one-to-one correspondence with the second cohomology group H2(G, A) with
coeﬃcients in a G-module A. It is not diﬃcult to see an example of a group G and a G-module A such that there exist two
extensions A E1 G and A E2 G which are not equivalent but the groups E1 and E2 are isomorphic. Let Zn be the
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i Z9 and Z9
p
 Z3, respectively.
Then, the extensions
Z3
i
 Z9
p
 Z3
and
Z3
i
 Z9
2p
 Z3
are not equivalent. So, the cardinality of the group H2(G, A) with coeﬃcients in the G-module A is not in general equal to
the number of distinct groups (up to isomorphism) which are extensions of the group G by the G-module A. Given a group
G and a G-module A, it is natural to ask:
(1) (up to isomorphism) how many groups E are extensions of the group G by the G-module A?
(2) (up to equivalence) how many extensions of the group G by the G-module A are isomorphic to a given group E?
The isomorphism problem (1) for extensions of a ﬁnite cyclic group by a ﬁnite one, i.e., metacyclic groups has been
solved in [2], although it is not easy to read the result. The purpose of this note is to answer question (2) in the case of
(central) extensions of Zn by a Zn-module Zm for m  0 and n  1. Here Z0 denotes the inﬁnite cyclic group. The case
n = 0 is easy and well known.
Section 1 concerns central extensions Zm E Zn and its main result is stated in:
Theorem 1.3.
(1) The set of equivalence classes of extensions
Eϕ: Zm
iϕ
 Zl ⊕ Zmn
l
p0 Zn
for all ϕ ∈ Aut(Z(m,n)) and all l | (m,n) is in one-to-one correspondence with the set E(Zn,Zm) of equivalence classes of all central
extensions of Zn by Zm as the trivial Zn-module.
(2) The set of equivalence classes of extensions
Eψ : Zm
i0 Zl ⊕ Zmn
l
pψ
 Zn
for all ψ ∈ Aut(Z(m,n)) and all l | (m,n) is in one-to-one correspondence with the set E(Zn,Zm) of equivalence classes of all
central extensions of Zn by Zm as the trivial Zn-module.
Furthermore, for each l | (m,n), the number of non-equivalent central extensions which have the middle group isomorphic to
Zl ⊕ Zmn
l
is given by the value φ( (m,n)l ) of the Euler’s function φ .
The systematic study of the cohomology groups Hs(Zpn ,Zpm ) for any prime p in Section 2, leads to:
Theorem 2.5.
(1) If the action θ : Zn → Aut(Zm) is injective then Hs(Zn,Zm) = 0 for s > 0. Hence, there is only one extension
Zm Zm  Zn Zn.
(2) Let Z24 be the non-trivial Z2n -module deﬁned by sending the generator of Z2n into multiplication by 3, so that H
2(Z2n ,Z4) ∼= Z2 .
Then, its non-trivial cohomology class is represented by the non-trivial extension
Z24  Z2n+2  Z4 Z2n ,
where the Z4-action on Z2n+2 is deﬁned by sending the generator of Z4 into multiplication by 2
n + 1.
1. Central extension of cyclic by a cyclic group
Given a group G , let A be a G-module and Hs(G, A) the s-th cohomology group of G with coeﬃcients in A for s  0.
Certainly, any group G , acts trivially on the cyclic group Z2. Further, any ﬁnite group G with an odd order also acts trivially
on the inﬁnite cyclic group Z.
Given a cyclic group Zn = 〈tn〉 with order n > 0, write N = 1 + tn + · · · + tn−1n and D = 1 − tn in the group ring Z[Zn].
Recall that for a Zn-module A, by [3, Chapter XII], the following holds: H0(Zn, A) = AZn , H2s−1(Zn, A) ∼= KerN∗(A)/DA and
H2s(Zn, A) ∼= AZn/NA for s > 0, where N∗(A) : A → A is given by multiplication by N .
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Z(m,n) for s > 0, where (m,n) denotes the greatest common divisor of m, n. Further, for the trivial Zn-module Z, we have
H2s−1(Zn,Z) = 0, H0(Zn,Z) ∼= Z and H2s(Zn,Z) ∼= Zn for s > 0. However, in the case of a non-trivial action of Zn on Z, the
order n must be even. Then, we have H2s(Zn,Z) = 0 for s 0 and H2s−1(Zn,Z) ∼= Z2 for s 1.
Recall that a short exact sequence of groups
A E G
leads to a G-module structure in A. This sequence is called an extension of G by the G-module A, where the G-structure on
A is the one given by that short exact sequence. We recall that extensions A E1 G and A E2 G are equivalent if
there is a homomorphism ξ : E1 → E2 such that the diagram
A E1
ξ
G
A E2 G
is commutative. Note that then ξ must be an isomorphism. We also recall that by [4, Chapter VI, Propositions 10.1 and 10.2],
the following holds:
Theorem 1.1. The set E(G, A) of equivalence classes of extensions of G by the G-module A is in one-to-one correspondence with the
cohomology group H2(G, A).
An extension
Zm E Zn
for m,n 0, where Z0 = Z yields a Zn-structure on Zm and a metacyclic group
E = 〈x, y ∣∣ xm = yln = e, xk = yn, yxy−1 = xr 〉
with k, l | m and l | r − 1. A rule (rather complicated) to determine all non-isomorphic metacyclic groups has been given
in [2].
Suppose that Z0 is a non-trivial Zn-module. Then, H2(Zn,Z0) = 0 and consequently
Z Z0  Zn Zn
is the only extension of Zn by the Zn-module Z0, where Z0  Zn denotes the semi-direct product with respect to the only
non-trivial Zn-action on Z0.
Now, we analyze central extensions
Zm E Zn
for m,n 0. Then, E = 〈x, y | xm = yln = e, xk = yn, yxy−1 = x〉 is an abelian group with l |m and by Theorem 1.1, the set
E(Zm,Zn) of equivalence classes of central extensions
Zm E Zn
is in one-to-one correspondence with H2(Zn,Zm) ∼= Z(m,n) for m > 0 and n 0.
Let tk be a generator of Zk . For l | (m,n), deﬁne the homomorphisms
i0 : Zm → Zl ⊕ Zmn
l
and p0 : Zl ⊕ Zmn
l
→ Zn
by i0(tm) = (tl,−nl t mnl ) and p0(tl,0) = tn
n
l , p0(0, t mnl ) = tn . Then, we obtain the central extension
E0: Zm
i0 Zt ⊕ Zmn
t
p0 Zn.
Now, recall the isomorphism Aut(Zk) ∼= (Zk) of the automorphism group Aut(Zk) and the group of invertible elements
(Zk)
 of the ring Zk of integers modk. Further, for d | k, there is an imbedding (Zd) ↪→ (Zk) and consequently we get
Aut(Zd) ↪→ Aut(Zk). The imbedding (Zd) ↪→ (Zk) is deﬁned as follows: if d|k then d = pm11 · · · pmtt and k = pn11 · · · pntt with
m1  n1, . . . ,mt  nt for some primes p1, . . . , pt . But Z∗d = Z∗p1m1 × · · · × Z∗ptmt and Z∗k = Z∗p1n1 × · · · × Z∗ptnt . Further, Z∗pv =
Z(p−1)pv−1 if p is an odd prime and Z∗v = Z2 × Z2v−2 provided that v  2. Hence, the natural embeddings Z(p−1)pv−1 ↪→2
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Z∗d ↪→ Z∗k .
Given an automorphism ϕ ∈ Aut(Z(m,n)) ↪→ Aut(Zm), write iϕ : Zm → Zl ⊕ Zmn
l
for the composite i0 ◦ ϕ . This yields the
extension
Eϕ: Zm
iϕ
 Zl ⊕ Zmn
l
p0 Zn.
Similarly, given l | (m,n) and ψ ∈ Aut(Z(m,n)), write pψ : Zl ⊕ Zmn
l
→ Zn for the composite ψ ◦ p0. This yields the extension
Eψ : Zm
i0 Zt ⊕ Zmn
l
pψ
 Zn.
Identifying Aut(Zk) with (Zk) , we get:
Proposition 1.2. Let l | (m,n).
(1) For ϕ1,ϕ2 ∈ Aut(Z(m,n)), extensions Eϕ1 and Eϕ2 are equivalent if and only if ϕ1 ≡ ϕ2 (mod (m,n)l ).
(2) For ψ1,ψ2 ∈ Aut(Z(m,n)), extensions Eψ1 and Eψ2 are equivalent if and only if ψ1 ≡ ψ2 (mod (m,n)l ).
Proof. We present a proof of (1) only. Following mutatis mutandis (1), we get the proof of (2) as well.
Suppose that a homomorphism ξ : Zt ⊕ Zmn
l
→ Zt ⊕ Zmn
l
determines an equivalence
Zm
iϕ1 Zt ⊕ Zmn
l
ξ
p0 Zn
Zm
iϕ2 Zl ⊕ Zmn
l
p0 Zn
of the extensions Eϕ1 and Eϕ2 and let ξ(tl,0) = (a,b), ξ(0, t mnl ) = (c,d). Then, lb ≡ 0 (mod
mn
l ). Further, ξ iϕ1 = iϕ2 and
p0ξ = p0 lead to:
ϕ1a − ϕ1 nt c ≡ ϕ2 (mod l),
ϕ1b − ϕ1 nl d ≡ −nl ϕ2 (mod mnl ),
n
l a + b ≡ nl (modn),
n
l c + d ≡ 1 (modn).
⎫⎪⎪⎪⎬
⎪⎪⎪⎭
From the above, we easily derive that ϕ1 ≡ ϕ2 (mod (m,n)l ).
Conversely, let ϕ1 ≡ ϕ2 (mod (m,n)l ). Then, for a = tl and b = mnl2 t mnl , we can easily ﬁnd c ∈ Zl and d ∈ Zmnl satisfying the
equations above. Consequently, we get a homomorphism ξ : Zl ⊕ Zmn
l
→ Zl ⊕ Zmn
l
which establishes and equivalence of the
extensions Eϕ1 and Eϕ2 , and the proof is complete. 
To state the main result, we make use of Euler’s function φ. For a positive integer k, the number φ(k) is also equal to
the number of all generators of the group Zk . Since every element of Zk generates a cyclic subgroup and the subgroups of
Zk are of the form Zd , where d | k, we get k =∑d|k φ( kd ) (see e.g., [7, Chapter VI] for another proof).
Theorem 1.3.
(1) The set of equivalence classes of extensions
Eϕ: Zm
iϕ
 Zl ⊕ Zmn
l
p0 Zn
for all ϕ ∈ Aut(Z(m,n)) and all l | (m,n) is in one-to-one correspondence with the set E(Zn,Zm) of equivalence classes of all central
extensions of Zn by Zm as the trivial Zn-module.
(2) The set of equivalence classes of extensions
Eψ : Zm
i0 Zl ⊕ Zmn
l
pψ
 Zn
for all ψ ∈ Aut(Z(m,n)) and all l | (m,n) is in one-to-one correspondence with the set E(Zn,Zm) of equivalence classes of all
central extensions of Zn by Zm as the trivial Zn-module.
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Zl ⊕ Zmn
l
is given by the value φ( (m,n)l ) of the Euler’s function φ .
Proof. For the same reason as above, we present a proof of (1), only.
Let Φ : Aut(Z(m,n)) → Aut(Z(m,n)/Zl) be the canonical epimorphism. Given ϕ1,ϕ2 ∈ Aut(Z(m,n)), in light of Proposi-
tion 1.2(1), we have ϕ1 ≡ ϕ2 (mod (m,n)l ) if and only if Φ(ϕ1) = Φ(ϕ2). Because |KerΦ| = |(Z(m,n))
|
|(Z (m,n)
l
)| , we deduce that
∣∣Aut(Z(m,n))/ ≡∣∣= ∣∣(Z (m,n)
l
)
∣∣.
Hence, we obtain at least φ(mt ) non-equivalent extensions having the middle group isomorphic to Zl ⊕ Zmnl .
For each ﬁxed l | (m,n), let r( (m,n)l ) denote the number of non-equivalent central extensions having the middle group iso-
morphic to Zl ⊕ Zmn
l
. Then, (m,n) = |H2(Zn,Zm)| =∑l|(m,n) r( (m,n)t )∑l|(m,n) φ( (m,n)l ) = (m,n) and the result follows. 
2. Cohomology groups H∗(Zpn,Zpm ) for a prime p
Given an integer m > 1, consider its primary factorization m = pk11 · · · pktt for some distinct primes p1, . . . , pt . Then,
Zm = Zp1k1 × · · · × Zptkt and Aut(Zm) ∼= Aut(Zp1k1 ) × · · · × Aut(Zptkt ). For an action θ : Zn → Aut(Zm), we get
Hs(Zn,Zm) ∼= Hs(Zn,Zp1k1 ) ⊕ · · · ⊕ Hs(Zn,Zpiki )
for all s 0.
To compute Hs(Zn,Zpl ), write n = ptn′ with (p,n′) = 1. Using the Lyndon–Hochschild–Serre spectral sequence associated
with the short exact sequence
Zpt  Zn Zn′
we obtain Eu,v2 = Hu(Zn′ , Hv (Zpt ,Zpl )) and consequently
Hs(Zn,Zpl ) = H0
(
Zn′ , H
s(Zpt ,Zpl )
)= Hs(Zpt ,Zpl )Zn′ (2.1)
for s > 0.
On the other hand, the Lyndon–Hochschild–Serre spectral sequence associated with the short exact sequence
Zn′  Zn Zpt
leads to Eu,v2 = Hu(Zpt , Hv(Zn′ ,Zpl )) and consequently
Hs(Zn,Zpl ) = Hs
(
Zpt , H
0(Zn′ ,Zpl )
)= Hs(Zpt ,ZZn′pl )
for s > 0.
Hence, we derive that Hs(Zn,Zpl ) = Hs(Zpt ,Zpl )Zn′ = Hs(Zpt ,ZZn′pl ) for s > 0.
Further, let n′ = (p − 1)kn′′ with (n′′, p − 1) = 1. Because Aut(Zpm ) = Zp−1 ⊕ Zpm−1 for and odd prime p and Aut(Z2m ) =
Z2 ⊕ Z2m−2 for m 3, we deduce from the above that
Hs(Zn,Zpl ) = Hs(Zpt ,Zpl )Z(p−1)k = Hs
(
Zpt ,Z
Z
(p−1)k
pl
)
(2.2)
for s > 0. In particular,
Hs(Zn,Z2l ) = Hs(Z2t ,Z2l ).
Now, consider the cyclic group Zps for an odd prime p. Then, by [6, Theorem 7.3], Aut(Zps ) ∼= Zps−1 ⊕ Zp−1, where
Zps−1 = 〈1+ p〉. In the sequel, we also need
(1+ p)ps ≡ 1 (mod ps+1) and (1+ p)ps ≡ 1 (mod ps+2).
Proposition 2.1. Let p be an odd prime and θ : Zpn = 〈tpn 〉 → Aut(Zpm ) an action with Ker θ = Zpk for some k  0. Then:
H0(Zpn ,Zpm ) = Zpm−n+k and
Hs(Zpn ,Zpm ) =
{
Zpk for nm,
Zpm−n+k for n >m
provided that s > 0.
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some positive integer λ with p  λ. Then, for any a ∈ Zpm , we get
(
1+ tpn + · · · + t p
n−1
pn
)
a = (1+ p)
λpm−1+k − 1
(1+ p)λpm−1−n+k − 1a =
αpm+k
βpm−n+k
a = α
β
pna
for some positive integers α,β with p  α,β and β | α Thus, NZpm = pnZpm and consequently
KerN∗(Zpm ) =
{
pm−nZpm for nm,
0 otherwise.
Because (1+ p)λpm−1−n+k ≡ 1 (mod pm−n+k) and (1+ p)λpm−1−n+k ≡ 1 (mod pm−n+k+1), we derive that DZpm = pm−n+kZpm
and Z
Zpn
pm = pn−kZpm .
Then, we can state:
H0(Zpn ,Zpm ) = pn−kZpm = Zpm−n+k
and
Hs(Zpn ,Zpm ) =
{
pm−nZpm/pm−n+kZpm = Zpk for nm,
Zpm/pm−n+kZpm = Zpm−n+k for n >m
provided that s > 0 and the proof is complete. 
Corollary 2.2. If Ker θ = Zpk for some k 0 then Hs(Zpn ,Zpm ) = Hs(Zpk ,Zpm ) = Zpk for s > 0 provided that nm, where Zpm is
the trivial Zpk -module.
In particular, if the action θ : Zpn → Aut(Zpm ) is injective then Hs(Zpn ,Zpm ) = 0 for s > 0. Hence, there is only one extension
0 → Zpm → Zpm  Zpn → Zpn → 0.
Proof. First, observe that
H2s−1(Zpk ,Zpm ) =
{
pm−kZpm = Zpk for km,
Zpm for k >m
and
H2s(Zpk ,Zpm ) =
{
Zpn/pkZpm = Zpk for km,
Zpm for k >m.
Hence, by means of Proposition 2.1, we get H2s−1(Zpn ,Zpm ) = H2s−1(Zpk ,Zpm ) = Zpk and H2s(Zpn ,Zpm ) =
H2s(Zpk ,Zpm ) = Zpk for s 1 provided that nm. 
Now, consider the cyclic group Z2s . Then, by [6, Theorem 7.3], Aut(Z2s ) ∼= Z2s−2 ⊕ Z2 provided that s  2, where
Z2s−2 = 〈5〉 and Z2 = 〈−1〉. In the sequel, we also need
52
s ≡ 1 (mod2s+2) and 52s ≡ 1 (mod2s+3).
Proposition 2.3. Let m 2 and θ : Z2n = 〈t2n 〉 → Aut(Z2m ) ∼= Z2m−2 ⊕ Z2 be an action with Ker θ = Z2k for some k 0. Then:
(1) Hs(Z2n ,Z2m ) = Z2 provided that θ(t2n ) = −1;
(2) H0(Z2n ,Z2m ) = Z2m−n+k and
Hs(Z2n ,Z2m ) =
{
Z2k for nm,
Z2m−n+k for n >m
provided that θ(t2n ) = 5u for some integer u  0;
(3) H0(Z2n ,Z2m ) = Z2 and
Hs(Z2n ,Z2m ) =
{
0 for k = 0,
Z2 for k > 0
provided that θ(t2n ) = −5u for some integer u  0.
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(−1)u5v for some integers u, v  0.
(1) Let θ(t2n ) = −1. Then, for any a ∈ Z2m , we have (1+ t2n + · · ·+ t2n−12n )a = 0. Hence, NZ2m = 0 and KerN∗(Z2m ) = Z2m .
Further, DZ2m = 2Z2m and ZZ2n2m = 2m−1Z2m .
Thus, we can state:
Hs(Z2n ,Z2m ) = Z2m/2Z2m = Z2 for s 0.
(2) Let φ(t2n ) = 5v for some v > 0. Because Ker θ = Z2k , we get v = λ2m−n+k−2 with an odd integer λ. Then, for any
a ∈ Z2m , we have
(
1+ t2n + · · · + t2n−12n
)
a = 5
λ2m+k−2 − 1
5λ2m−n+k−2−1
a = α
β
2na
for some odd integers α,β with β | α. Hence, NZ2m = 2mZ2m and KerN∗(Z2m ) = 2m−nZ2m . Because 5λ2m−n+k−2 ≡ 1
(mod2m−n+k) and 5λ2m−n+k−2 ≡ 1 (mod2m−n+k+1), we derive that DZ2m = 2m−n+kZ2m and ZZ2n2m = 2n−kZ2m .
Then, we can state:
H0(Z2n ,Z2m ) = 2n−kZ2m = Z2m−n+k
and
Hs(Z2n ,Z2m ) =
{
2m−nZ2m/2m−n+kZ2m = Z2k for nm,
Z2m/2m−n+kZ2m = Z2m−n+k for n >m
provided that s > 0.
(3) Let φ(t2n ) = −5v for some v > 0. Because Ker θ = Z2k , we get v = λ2m−n+k−2 with an odd integer λ. Then, for any
a ∈ Z2m , we have
(
1+ t2n + · · · + t2n−12n
)
a = 5
λ2m+k−2 − 1
−5λ2m−n+k−2 − 1a =
α2m+k
2(1+ β2m−n+k)a =
α2m+k−1
1+ β2m−n+k a
for some integers α,β . Hence, NZ2m = 2m+k−1Z2m and KerN∗(Z2m ) = 21−kZ2m . Because 5λ2m−n+k−2 ≡ 1 (mod2m−n+k) and
5λ2
m−n+k−2 ≡ 1 (mod2m−n+k+1), we derive that DZ2m = 2Z2m and ZZ2n2m = 2m−1Z2m .
Then, we can state:
H0(Z2n ,Z2m ) = 2m−1Z2m = Z2
and
Hs(Z2n ,Z2m ) =
{
0 for k = 0,
Z2nm/2Z2m = Z2 for k > 0
provided that s > 0 and the proof is complete. 
Corollary 2.4.
(1) If Ker θ = Z2k for some k 0 and Im θ ⊆ Z2m−2 then Hs(Z2n ,Z2m ) = Hs(Z2k ,Z2m ) = Z2k for s > 0 provided that nm, where
Zpm is the trivial Zpk .
In particular, if the action θ : Z2n → Aut(Z2m ) is injective then H2s−1(Z2n ,Z2m ) = H2s(Z2n ,Z2m ) = 0 for s > 0. Hence, there is
only one extension
0 → Z2m → Z2m  Z2n → Z2n → 0.
(2) Otherwise, Hs(Z2n ,Z2m ) = Z2 .
Proof. (1) First, observe that
Hs(Z2k ,Z2m ) =
{
2m−kZ2m = Z2k for km,
Z2m for k >m
for s 0.
Hence, by means of Proposition 2.3, we get
Hs(Z2n ,Z2m ) = H2s(Z k ,Z2m ) = Z k for s 1 provided that nm.2 2
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Let Z24 be the non-trivial Z2n -module, i.e., it is deﬁned by sending the generator t2n of Z2n into multiplication by 3.
Observe that the action θ : Z4 → Aut(Z2n+2 ) such that θ(t4) is multiplication by 2n + 1 leads to a non-trivial extension
Z24  Z2n+2  Z4
π
 Z2n , (2.3)
where π(t4) = 2n−2t2n and π(t2n+2) = t2n with Kerπ = 〈(2n−2t2n+2 ,−t4)〉.
In view of the above, (2.1) or (2.2), Corollary 2.2 and Corollary 2.4, we can state:
Theorem 2.5.
(1) If the action θ : Zn → Aut(Zm) is injective then Hs(Zn,Zm) = 0 for s > 0. Hence, there is only one extension
Zm Zm  Zn Zn.
(2) Let Z24 be the non-trivial Z2n -module deﬁned above, so that H
2(Z2n ,Z24 )
∼= Z2 . Then, its non-trivial cohomology class is repre-
sented by the extension (2.3).
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